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Abstract 
Parnami, J.C., The iteration of a bijective transformation of integer k-tuples mod m, Discrete 
Mathematics 87 (1991) 297-307 
For the transformation y,=x,+...+x,, y2=~,+~g+...+x~r...,y~=~,+...+~L--lr 
the possible cycle lengths and explicit formulae for the number of unordered k-tuples [resp. 
ordered k-tuples] mod m of a given length are given and some conjectures of Stein and Everett 
concerning ordered k-tuples mod m are proved. 
1. Introduction 
Let T be a one-one mapping of a finite set X onto itself. For x in X, the period 
pd(x ; T) of x w.r.t. T is defined to be the least natural number II such that 
T”(x) =x and the subset {x, T(x), . . . , Tpd(xiT’-‘(~)} of X is called a cycle of 
length pd(x; T). Any two cycles w.r.t. T are either disjoint or the same, i.e. T 
splits X into disjoint cycles. Recently Stein and Everett [2] considered the linear 
transformation T on the space X of integer k-tuples (mod m), given by 
y,=x2+x3+“‘+xk 
y,=xr+xg+“‘+Xk 
(1.1) 
These k-tuples are called unordered, the reason for this will be clear in the 
sequel. (It was pointed out that iteration of transformations has many applica- 
tions and ‘Non-Quantitative Biology’ is just a case of iteration of linear 
transformations mod m). For m =p, a prime not dividing k(k - l)(k - 2), they 
obtained a recursion formula for the number of cycles of a given length. The case 
of modulus m = p a, (Y > 1 was avoided due to the likelihood of complications 
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involved in characterizing the length of a cycle. They also considered the subset Y 
of X of all vectors (f) modm which are ordered, i.e. with components 
o~~1~~2~...d~~ < m, and the composite maps defined from Y into itself, by 
first applying T and then reducing the components mod m and finally ordering the 
components in increasing order. They conjectured that for m prime to k - 1, the 
set of cycle lengths of ordered k-tuples mod m is the same as that of unordered 
k-tuples mod m and for any x in Y, pd(x; S) is either pd(x; T) are half of it. They 
also conjectured a formula for the number of ordered 3-tuples modp of a given 
length, when p is a prime not dividing k(k - l)(k - 2). 
In this paper, we obtain explicit formulae for the number of cycles of a given 
length of unordered k-tuples [resp. ordered k-tuples] mod m, when m is prime to 
k(k - 1) (m is not necessarily a prime) and in particular we obtain the conjectural 
formula of ordered 3-tuples. We also establish the conjectures on cycle lengths 
when m is prime to k(k - 1). In the discussions, we omit the trivial case m = 1, 
for in this case X = Y = a singleton set and for x EX = Y, pd(x; S) = 
pd(x; T) = 1. 
2. Transformations of integer k-tuples mod m 
For a matrix C, C’ denotes its transpose and diag(q, . . . , cr,J denotes a 
diagonal matrix whose entries in the main diagonal are al, . . . , ax. When we are 
working with matrices, k-tuples are treated as row matrices. 
Theorem 2.1. Let X be the set of integer k-tuples mod m, with m > 1 and prime to 
k(k - 1). Let T be the transformation on X given by 
Then the set of possible cycle lengths w.r.t. T b {l(d): d 1 m} U 
{lcm[Z l(d)]: d 1 ml, where for a divisor d of m, f(d) denotes the order of 
k - 1 mod d. For a given n, the number N(n ; T) of cycles w.r. t. T of length n is 
given by 
n N(n; T) = F $(d) + (mk-’ - 1) 2 444 (2.2) 
?I=& n=lcm[2,l(d)] 
where $ is the Euler function. 
Lemma 2.2. Let m > 1 be an integer prime to k(k - 1) (necessarily m is odd) and 
A be the matrix of the transformation T given by Theorem 2.1, i.e. A is a k x k 
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matrix with zeros on the main diagonal and ones eZsewhere. Let P be the matrix 
Zk-1 1 ( 3 . > -1.. e-1 1 
where Zk_-l is the identity matrix of order k - 1. 
We have: 
(a) T is l-l and onto mapping of X into itself. For any x in X and any natural 
number, (T”(x))’ = A?‘. 
(b) P is invertible modm and P-‘AP = diag(-1, . . . , -1, k - 1) mod m. 
(c) Zf x = (Xl, . . . ,4andy=(yI,. . . , yk) are in Xsuch that X’ = Py’ mod m, 
then 
(i) x1 + - . . + xk = kyk mod ??l, 
(ii) For any natural number n, 
(T”(x))’ = P((-l)“yr, . . . , (-l)nyk-l, (k - l)nyk)’ mod m, 
(iii) 
i 
f(mld) if all Xi are congruent to each other mod m, 
pd(x ; T) = i.e. yl, . . . , yk_, are all zeros mod m, 
lcm[2, Z(m/d)] otherwise, 
where d = gcd(y,, m) = gcd(xl + . . - + xk, m) and for a divisor 6 of m, l(6) is the 
order of k - 1 mod 6. 
Proof. (a) We have, det A = (-l)k-l(k - l), therefore A is invertible mod m 
and hence T is l-l and onto mapping of X into itself. Rest is obvious. 
(b) Adding the first k - 1 rows of P to the last row, we see that 
det P = det = k, 
which is prime to m. So P is invertible mod m. Moreover 
SO 
AP= = Pdiag(-1, . . . , -1, k - 1) 
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P-‘AP=diag(-1,. . . , -1, k-l)modm. 
(c)(i). By direct calculations, 
PY’=(YI+Y,, . . . ~Yk--l+Y/ct -Y1-***-Yk--l+Jk) 
and therefore 
xl+** ~+x/C’(Y1+Yk)+~~*+(Yk-1+Yk)-(Y1+~**+y/+1)+yk 
= k y, mod m. 
(ii) 
(T”(x))’ =A”@‘) =A,,,’ = P(P-‘AP)“y’ 
= P((-1)“, . . . ) C-l)“, (k - 1)“)~’ 
= P((-l)“yr, . . . , (-l)nyk_l, (k - 1)“~~)’ mod m. 
(iii) By (ii) T”(x) =x iff 
((-l)“Yl, * f * , (--l)ny.+~, (k - l)“~d = (x, . . . , yd mod m, 
i.e. 
(-1)“Yi = Yi mod m for 1 s i s k - 1 and 
(k - 1)“~~ =yk mod m, 
or, i.e. 
(-1)“~~ E Yi mod m and II is a multiple of /(m/d). 
The result now follows immediately, since m > 1 is an odd integer. •i 
Proof of Theorem 2.1. By part (c)(iii) of the above lemma, the set of periods 
w.r.t. T is contained in the set {l(m/d): d 1 m} U {lcm[2, I(m/d)]: d 1 m}. On the 
other hand for a given divisor d of m, if we take x’ = P(0, . . . , 0, d)’ and 
z’ = P(l, . . . , 1, d)‘, then 
pd(x; T) = l(mld) and pd(z; T) = lcm[2, l(m/d)]. 
Hence the set of possible periods of T equals 
Now for any natural number n, 
II N(n; T) = The number of x in X with pd(x; T) = n 
{l(m/d): d 1 m} U {lcm[2, l(mld)]: d 1 m}. 
= ztx 1= llx 1 
pd(x;T)=n pd(yP’;T)=n 
=x1+ c 1 
ykmdm (YI.-..rYk)EX 
I(mi(Yk,m))=n notally ,,_.., yk_,~Omodm 
Icm[2,I(ml(m,y~)]=n 
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I(d)=n Icm(2,l(d)]=n 
Corollary 2.3. Let m = p be a prime not dividing k(k - l)(k - 2) and 1 be the 
order of k - 1 modp, then the set of periods of k-tuples modp w.r. t. T equals 
{1,2, I> or (1, 2,& 21) according as 1 is even or odd. Moreover; 
N(1; T) = 1, (2.3) 
N(2; T) = (pk-’ - 1)/2. (2.4) 
In case 1 in odd: 
N(f; T) = (p - 1)/Z 
and 
(2.5) 
N(21; T) = (p - l)(pk-’ - 1)/(21). (2.6) 
In case I is even: 
A’@; T) =pk-‘(p - 1)/f. (2.7) 
Proof. Observe that l> 2 and Z(1) = 1, f(p) = 1. Therefore by the theorem the set 
of periods of k-tuple modp equals (1, f} U (2, lcm[2, Z]}, i.e. (1, 2, Z} or 
{1,2, I, 21) according as 1 is even or odd. Moreover; 
N(1; T) = #(l) = 1, 
2N(2; T) = (pk-’ - l)@(l) =pk-’ - 1. 
In case 1 is odd: 
ZZV(Z; T) = #(p) =p - 1 
2ZN(21; T) = (pk-l - l)#(p) = (pk-’ - l)(p - 1). 
In case 1 is even: 
fN(Z; T) = @(p) + (pk-l - l)@(p) =pk-l(p - 1). 0 
3. Ordered k-tuples mod m 
Let X be the set of integer k-tuples modm, k 2 2 and T be the linear 
transformation on X given by (2.1) i.e. T is defined by 
y2=xl+x3+“‘+xk 
(mod m) 
y,=xl +x2+ - - -+x&l. 
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Let Y be the set of ordered k-tuples mod m, i.e. 
Y= {(El,. . . 9 5k):O~51~52~...~5k<m} 
(Y can be considered as a subset of X). Let S : Y-, Y be the composite map 
defined by first applying T and then reducing the components mod m and finally 
arranging the components in increasing order. For k-tuples x, y in X, we write 
x -y if x can be obtained from y by permuting its components. Clearly - is an 
equivalence relation. 
Lemma 3.1. Let k 2 2 and m be a natural number prime to k - 1. Then, we have: 
(a) Zfx -y, then T(x) - T(y). 
(b) S is a one-one mapping of Y onto itself. 
(c) For x in Y, pd(x; S) is the least natural number n such that T”(x) -x and 
hence pd(x ; S) divides pd(x ; T). 
Proof. Part (a) is Lemma 2.13 of [2]. By Lemma 2.14 of [2], S is onto and hence 
one-one. This proves (b). By part (a), we have S”(x) - T”(x) for every natural 
number n and x in X, therefore T”(x) -x iff S”(x) -x iff S”(x) =x. 0 
Lemma 3.2. Let m > 1 be prime to k(k - 1) and x = (xi, . . . , xk) be in X. Zf 
T”(x) -x for some natural number n, then n is a multiple of /(m/d), where 
d=(x,+... + xk, m) and for a divisor 6 of m, l(6) is the least natural number I 
such that (k - 1)’ = 1 mod 6. 
Proof. Find y = (yl, . . . , yk) in X such that x’ = Py’ mod m. If T”(x) -x, then 
the sum of components of T”(x) is congruent to the sum of components of 
x modm. Therefore, on using parts (c)(i) and (c)(ii) of Lemma 2.2, we obtain 
that 
k.(k-l)“yk=kykmOdm 
which implies that (k - 1)” = 1 mod m/d where d = (yk, m) = (kyk, m) = (x1 + 
- - - + xk, m) and hence n is a multiple of l(m/d). 0 
Corollary 3.3. Let m > 1 be prime to k(k - 1) and S be as before. For any 
x=(x1,. . .) xk) in Y, pd(x; S) is either /(m/d) or lcm[2, I(mld)] where d = 
(xl+” - + &, m) and for any divisor 6 of m, l(S) is the order of k - 1 mod 6. 
Proof. By Lemma 3.2, pd(x; S) is a multiple of Z(m/d). On the other hand 
pd(x; S) divides pd(x; T) which is either l(m/d) or lcm[2, l(m/d)]. Hence 
pd(x; S) = l(mld) or lcm[2, /(m/d)]. 0 
This corollary together with Lemma 2.2 part (c)(iii) proves a conjecture of 
Stein and Everett [2]; 
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Theorem 3.4. Let m > 1 be prime to k(k - 1) and S, T be as before, then for any 
x in Y, pd(x; S) is either pd(x; T) or half of it. 
Remark 3.5. Theorem 3.4 does not hold if we only assume that (m, k - 1) = 1. 
Example. Take k = 3, m = 9, x = (1, 4, 7). The cycle of x w.r.t. T is { (1,4,7), 
(2,&S), (4,7, l), (8,5,2), (7,1,4), (5,2,8)}. We have pd(x; T) = 6 and 
pd(x; S) = 2. 
Remark 3.6. For m > 1 and prime to k(k - l), the set of possible periods of 
ordered k-tuples mod m w.r.t. S is contained in the set of periods of unordered 
k-tuples mod m. 
Proof of Theorem 3.4. The result follows immediately on using Corollary 3.3 and 
Theorem 2.1. 0 
We now prove another conjecture of Stein and Everett [2], namely: 
Theorem 3.7. Let k 3 3 and m > 1 be prime to k(k - 1). Let S and T be as before. 
Then the set of periods of ordered k-tuples mod m w. r. t. S coincides with the set of 
periods of unordered k-tuple mod m w.r. t. T, 
Proof. By Remark 3.6 and Theorem 2.1, it is enough to prove that for every 
divisor d of m, both l(d) and lcm[2, l(d)] are possible periods of ordered k-tuples 
modm w.r.t. S. This we do as follows: 
Let d be a given divisor of m. Set x = (d, . . . , d). Then by Corollary 3.3, 
pd(x; S) is a multiple of l(mld). On the other hand pd(x; S) divides pd(x; T), 
which equals l(m/d). Hence pd(x; S) = l(m/d). 
Now let y = (d + 1, d + 1, d, . . . , d, d - 2), i.e. y’ = P(1, 1, 0, . . . , 0, d)’ 
mod m. Find t in Y such that t-y. We shall show that N= pd(t; S) 
equals lcm[2, /(m/d)] and this will prove the theorem. First observe that the 
sum of components of t is the same as that of y, which equals kd, there- 
fore by Corollary 3.3, N = /(m/d) or lcm[2, f(m/d)] since (kd, m) = d. If 
N # lcm[2, /(m/d)], then N = l(m/d) is odd and we have 
y-t-TN(t)-TN(y)=(-l,-l,O,...,(k-l)r”d)P’ 
~(-1, -l,O,. . . ,O,d)P’modm. 
so 
(d + 1, d + 1, d, . . . , d,d-2)-(d-l,d-l,d,. . . ,d,d+2)modm 
and therefore 
(d + 1, d + 1, d - 2) - (d - 1, d - 1, d + 2) mod m 
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as 3-tuples. This implies that d - 1 = d + 1 mod m, which is not possible because 
m > 1 is odd. Hence 
pd(t; S) = lcm[2, l(m/d)]. 0 
Theorem 3.8 (A characterization of cycle lengths of ordered k-tupies). Let k 2 2 
andm>lbeprimetok(k-1). Letc=(E1,...,&)beinY.Setd=(E,+...+ 
.&, m) and define a by the conditions 
adkeg,+. **+&modm, l==asm/d, (a, m/d) = 1. 
Then, 
l(m/d) if either I(mld) is even or l(m/d) is odd and 
pd(5; S) = (El-ad,..., &-ad)-(ad-El,. . . ,ad-&Jmodm, 
Wmld) otherwise. 
Proof. By Corollary 3.1, we have pd(c; S) = l(m/d) or lcm([2, l(m/d)]. 
Case 1: l(m/d) is odd. 
Set y =(yI, . . . ,yk) where y,=ad and yi=Ei-yk for lsisk. Then 
5’ = Py’ mod m and by Lemma 2.2 part c(iii), 
(T”‘“‘d’(~))’ = P(-y,, . . . , -Y~_.~, (k - l)‘(m’d)yk)’ = P(-y,, . . . , -yk_r, y,J’ 
‘(Yk -Y,, . . . ~Yk-Y/c--l7Yl+~~~+YIc)’ 
= (2ud - cl, . . . ,2ad - &J’ mod m. 
So T’@“‘d)(t) - 5 mod m iff 
(El, * * * , Ed - @ad - ,513 . . . ,2ad - &), 
i.e. 
(&-ad,. . . , &-ad)-(ad-g,,. . . ,ad-&)modm. 
Hence 
l(m/d) if (E1 - ad, . . . , & - ad) - (ad - E1, . . . , ad - &) mod m, 
pd(E’ ‘) = ~Icm(2, l(mld)] = 2l(m/d) otherwise. 
Case 2: I(m/d) is even. 
Then Z(mld) = lcm[2,Z(m/d)] and hence pd(g; S) = Z(m/d). Cl 
Lemma 3.9. Let m > 1 be prime to k(k - 1) and d a divisor of m. Let 
1 G a s m/d, (a, m/d) = 1. Then the number of elements in 
z,,, = (5 = (51, . - * , &) in Y such that Zjl + - - . + & = adk mod m} 
and 
Yd,,, = {q = (VI, . . . , 7jk) in &, such that (7j1 - ad, . . . , qk - ad) 
-(ad-VI,..., ad - qk) mod m} 
are ( m ‘L - ‘)/m and (Icrn +I& ‘)“I) respectively. 
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Proof. Set Z={q=(nr,. . . , qk) in Y such that n,+*..+n,=Omodm}. 
Define a map o : &a- Z by c+ 77 where n - (gr - ad, . . . , &Jk - ad). Then o is 
l-l and onto. Hence the number of elements in each Z+ equals the number of 
elements in Z. Notice that 
Y= 
(o,mld)=l 
and the union is disjoint therefore the number of elements in each Zd,, equals 
the number of elements in Y 
I 
c 
djm 
1 ~~,d1=(m+kk-1)/~9(mid) 
s s 
(n,mld)=l 
=(m+L-l)/m. 
Now let 5 = (gr, . . . , &J be in Yd+. For 0 <i s m - 1, let fi be the number of 
components of E which are congruent to ad + i, then we have ti = t,,-i for 
1 c i c m - 1 and to = k mod 2. Conversely, if 5 = (gr, . . . , &) is in Y and the 
number tj of components which are congruent to ad + i satisfy the relations 
fi = f,,_; for 1s i s m - 1 and I,, = k mod 2, then clearly g is in Yd,a. Hence the 
number of elements in Yd,, equals the number of solutions of to + 2(t, + . . . + 
t~m_-1~,2) = k in nonnegative integers, which is also equal to the number of 
solutions of 
ZQ, + u1 + . . - + ~(,,_~)+2 = [k/2] 
in nonnegative integers and that equals ([(m ;k12j 1’21) (see [l, p. 381). Cl 
Theorem 3.8 can also be restated as in the following remark. 
Remark 3.10. Let Zd,,, Yd,, be as in Lemma 3.9. For 5 E Z,,, 
21(mld) 
Pd(Ei S) = { l(m,d) 
if I(m/d) is odd and E 4 Yd#, 
otherwise. 
Theorem 3.11 (Number of cycles of ordered k-tuples of a given length). Let 
m > 1 be prime to k(k - 1). For any natural number n, the number N,(n; k, m) of 
ordered k-tuples of length n w.r. t. S is given by 
[(m + k - 1)/2] 
[k/21 > 
@(ml4 if n is odd, 
A (m ‘i - ‘)@(m/d) (3.1) 
Zl(m/d)=n 
Qald) odd if n is even. 
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Proof. Since II N,(n; k, m) equals the number of ordered k-tuples mod m of 
length iz and 
= dtJm lsnl;)m,d ((z40 - Y,,a) ” yd.0) 
(a,m/d)=l 
(a disjoint union). 
Therefore, on using the formulae in Remark 3.10, we obtain 
g lsgm,d t yd,nt 
I(mld)=n (a,mld)=l 
if n is odd, 
n &(n; k m) = ’ ,<zm,d ‘zd’a’ dim 
l(m/d)=n (n,mld)=l 
+F lszm,d izd+i - i&i if n is even, 
2l(mldm)=n (n,mld)=l 
/(m/d) odd 
where IYd,,l, l&,1 denote the number of elements in &a, zd,, respectively. 
Result now follows, on using Lemma 3.9. 0 
In case m =p is an odd prime not dividing k(k - l)(k - 2), by Corollary 2.3 
and Theorem 3.7 the set of periods of ordered tuples modm w.r.t. S is 
{1,2,1, 211 or {1,2, I> according as I is odd or even, where 1 is the least natural 
number such that (k - 1)’ = 1 modp. Moreover 1(l) = 1, l(p) = 1 and the formula 
(3.1) can be written as: 
Corollary 3.12. For m = p an odd prime not dividing k(k - l)(k - 2), we have 
N,(l; k, p) = ([(’ +&,1)‘21), 
2 &(2; k, p) =; (” + k” - ‘) - (‘(’ +,&1)‘21). 
In case 1 is odd: 
1 A’,(/; k, p) = (p - I)( I(’ +,&1)‘21) = (p - l)N,(l; k, p) 
(3.2) 
(3.3) 
(3.4) 
and 
21N,(I; k,p)= (p - l)(; (” ‘k” - ‘) - (‘(’ +~;,;11)‘21)) 
(3.5) 
= 2(p - 1) KC% k PI. 
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In case 1 is even: 
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(3.6) 
= (p - l)(No(l; k, P) + 2No(2; k P)). 
For k = 3, these formulae agree with the conjectural ones of Stein and 
Everett [2]. 
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